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Abstract 

We study the geometry of M5-branes wrapping a 2-cycle which is Spe- 
cial Lagrangian with respect to a specific complex structure in a Calabi- 
Yau two-fold. Using methods recently applied to the three-fold case, we 
are again able find a characterization of the geometry, in terms of a non- 
integrable almost complex structure and a (2,0) form. This time, however, 
due to the hyper-Kahler nature of the underlying 2-fold we also have the 
freedom of choosing a different almost complex structure with respect 
to which the wrapped 2-cycle is holomorphic. We show that this latter 
almost complex structure is integrable. We then relate our geometry to 
previously found geometries of M5-branes wrapping holomophic cycles 
and go further to prove some previously unknown results for M5-branes 
on holomorphic cycles. 
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1 Introduction 

In a recent paper [lj, two of us studied M5-branes wrapping Special Lagrangian 3- 
cycles in Calabi-Yau three-folds. We argued that the almost complex structure of 
the underlying Calabi-Yau three-fold survives the wrapping. With this assumption 
we were able to characterize the geometry of the wrapped branes in terms of the 
almost complex structure as well as a (3,0) form. 

In the present paper we apply our methods to the case of M5-branes wrapping 
Special Lagrangian 2-cycles in Calabi-Yau 2-folds. By Calabi-Yau 2-folds we will 
mean compact or non-compact Ricci flat complex manifolds of dimension 2. 
Thus K3,T 4 ,C 4 and ALE-spaces are all examples of two-folds for which our 
methods are valid. 

What makes the case of two-folds particularly interesting (and simple) is that 
Calabi-Yau two-folds are hyper-Kahler. This means that there are an SU(2) 
worth of incompatible complex structures with respect to which the two-fold is a 
Kahler manifold. In fact the choice of complex structure is broad enough so that 
any supersymmetric 2-cycle is holomorphic with respect to one of the allowed 
complex structures. We will exploit this property later as a test of our methods. 

The first part of the present paper is a study of the geometry of M5-branes 
wrapping Special Lagrangian cycles in two-folds. We find as in [lj that the 
supergravity background is expressed in terms of a (2,0) form as well as a 
distinguished (1,1) form which we call B. We then show how to re-express our 
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results in a different and, as it turns out, integrable almost complex structure. 
Here we make contact with previous work on M5-branes wrapping holomorphic 
cycles 0. In section 5 we discuss calibrations in the geometry produced by 
wrapped M5-branes and give some of our constraints a physical interpretation. 
We end with conclusions in section 6. 



2 Special Lagrangian Cycles and their Killing 
Spinors 

In this section we characterize the Killing spinor for branes wrapping Special La- 
grangian 2-cycles in Calabi-Yau two-folds. Our discussion here follows closely 
PQ. Calabi-Yau two-folds come equipped with a Kahler form cu which is a dis- 
tinguished member of H^ 1 ' 1 ' as well as a unique holomorphic (2,0)-form f2. A 
Special Lagrangian sub-manifold, E, of a Calabi-Yau two-fold is defined by the 
following set of conditions: 

w|e = 

K(e ies fi)| s = dvol(S) (1) 

where #s is a ^-dependent constant phase. In other words, the pullback of the 
Kahler form vanishes on £ and, up to a phase, the pullback of Cl is the volume 
form on S. In fact, gives a BPS bound on 2-cycles so that only ones which 
saturate this bound are minimum volume cycles in their homology class, fi, thus, 
is a calibrating form. 

Given a SpelL £ we would like to find the fraction of supersymmetry preserved 
by an M5-brane wrapping it. The Killing spinors of a p-brane with embedding 
coordinates X A satisfy the following projection condition |3J: 

e = ^e QOQl -^r AoAl ... Ap 9 ao X Ao 9 ai X Al ....9 ap X^e (2) 

where e is a Majorana spinor in 11 dimensions. 

Choosing static gauge along the directions 0123, the condition on the Killing 
spinors e for an M5-brane wrapping a Special Lagrangian 2-cycle, is given by (0): 

e^F^r^daX'd^e = e (3) 

where a a , a b are coordinates on the Special Lagrangian two-cycle and the X 1 are 
coordinates in the Calabi-Yau. Using complex coordinates on the Calabi-Yau, 
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the projection condition becomes: 

^e abc T 0123 [T MN d a Z M d b Z N + 2T MR d a Z M d b Z N + Y AlR d a Z a d b Z% = e (4) 

Since a Calabi-Yau is a complex manifold there is a choice of frame reflecting 
the complex structure - so that the only non-zero frame vectors are those of 
the form e a A where a, A are either both holomorphic or both anti-holomorphic 
indices. The frame is defined as usual so that the metric on the Calabi-Yau can 
be expressed as G M f, = r] mfi e^e%. 

If we define 7 m = c^Tm for m = 1,2, these gamma matrices satisfy the 
flat space Clifford algebra which is identical, as is well known, to the creation 
annihilation algebra for 2 families of fermions. Thus a spinor can be represented 
by a set of states in a Fock space. We define the vacuum state to be eoo and 
declare 7 m to be annihilation operators, so that 7 m eoo = 0. The remaining states 
can then be labeled by their occupation numbers corresponding to the action of 
the gamma matrices. We will use this construction to express the Killing spinor 
as a linear combination of Fock space states. 

We introduce U, V as holomorphic coordinates on the Calabi-Yau. Since the 
pullback of the (2,0)-form f2 is the volume form on the SpelL: 

e ab e mn e%e n v d a Ud b V = 1 

we can impose the condition (J3J) to find that generically 1 : 

eoi = eio = (5) 

The only components that survive are e o and en, and these must obey 

701237™ e ll = e 00 

7oi237™ e oo = en (6) 

It is convenient to pick the flat gamma matrices so that 7* = — j a for a = 
0, . . . , 9 and 7(10) = 70 • • • 79 is real. The Majorana condition on e expressed in 
this gamma matrix basis is 7(10) e = e* or: 

7(io)eSo = e n 7(io)eoo = e n ( 7 ) 

1 As in the three- fold case pQ the only spinors that survive compactification are the 
holonomy singlet spinors, which in this case are the SU(2) singlets eoo and en- When 
considering T 4 or C 2 the same spinors survive as long as the SpelL 2-cycle is non-trivially 
embedded in the space. M5-branes wrapping trivially embedded SpelLs are flat M5-branes, 
which are well studied and will form a sub-case of the more general story pursued here. 
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The wrapped M5-brane then preserves | of the spacetime supersymmetry, cor- 
responding to 8 real degrees of freedom or N=2 in four dimensions. The Killing 
spinor is then: 

e = e 00 + en (8) 

with e o, en satisfying the above constraints. By using the identity 70 • • • 7no) = 1 
we can show that 

7oi23789(io)e = -e. (9) 

3 Supergravity solutions for wrapped branes 



3.1 Setting up 

We are interested in solving the supergravity equations of motion for M5-branes 
wrapping a Special Lagrangian 2-cycle which preserves the fraction (JH} of super- 
symmetry. To this end we will use the methods of our previous paper [lj in which 
we interpret (|HJ) as the supersymmetry variation parameter in the Killing spinor 
equation of 11-dimensional supergravity. We argued in [I] that although e was 
initially defined using the complex structure of the underlying Calabi-Yau whose 
2-cycle the M5-brane is wrapping, we only need an almost complex structure 
to define e. Thus, as in [T], we will assume that the full geometry produced 
by the wrapped branes continues to have an almost complex structure in the 
4-dimensional part that was initially the Calabi-Yau two-fold. We now develop 
the formalism as it applies to the case at hand. 

Our starting point is M-theory compactified on a Calabi-Yau two-fold with 
no other fields turned on. The initial geometry is then R^ 61 )xCY 2 . Con- 
sider wrapping an M5-brane on a 2-cycle in the two-fold. The M5-brane then 
has 4 flat directions oriented along 0123 and 2 directions wrapped on a Spe- 
cial Lagrangian 2-cycle. The minimum isometries of the geometry are then 
5*0(3, 1) x SO (3) C SO (6, 1) which is the unbroken subgroup of the isometries 
of R^ 6 ' 1 ). The geometry may enjoy additional isometries depending on the CY 2 
in question. A metric ansatz with these isometries is then: 

ds 2 = Hlri^dx^dx" + gijdy I dy J + H 2 S a/3 dx a dx^ . (10) 

Here /i, v = 0,1,2,3 are the directions along the M5-brane transverse to the 
Calabi-Yau two-fold, a,(3 = 8,9,10 are the directions transverse to the M5- 
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brane and the two-fold. Finally, y 1 , 1, J — 1, . . . , 4 are directions along what was 
initially the two-fold. 

The requirement that there is an almost complex structure inherited from the 
underlying Calabi-Yau two-fold means that there is a basis of 1-forms e m with 
m = u,v which are classified by the almost complex structure as (1,0) forms. 
Their complex conjugates e m are then (0, 1) forms. We will pick these 1-forms 
in such a way that they satisfy 

gu = rhaiiefel + eje?) (11) 

where r] mn = l/2S mn is the flat space metric. We preserve the metric and the 
notion of (1,0) and (0, 1) forms under U(l) x SU(2) rotations that transform 
e m as a doublet under the SU(2) and charge 1 under the U(l), and e m in the 
complex conjugate representation. Another singlet under this U(l) x SU(2) 
group can be constructed as 

B = e u A e a + e v A e\ (12) 

A third combination: 

fl = e"Ae" (13) 

is explicitly SU(2) invariant but is not U(l) invariant. Q is a (2,0) form in this 
classification which, a priori, need not be globally defined (even when the almost 
complex structure is), since it is not U(l) invariant . As we shall see, however, 
physical fields will be expressed in terms of Q requiring that this must in fact be 
a globally defined object. 

In addition to the metric, 11-dimensional supergravity has a 4-form field 
strength F. To preserve the 5*0(3,1) x SO (3) isometries, we can only turn 
on the following components of F: Fj Ja p, Fj 89 ( 10 ), -Fom- We will explicitly set 
F0123 = in the remainder of the paper. 

3.2 Supersymmetric solutions to the Killing spinor equa- 
tion 

We go beyond the probe approximation and address the question: are there any 
solutions for the metric and 4-form field strength within the above ansatze which 
satisfy the Killing spinor equation for 11-dimensional supergravity: 

S^a = (d A + \uff ab + -^T A BCDE F BCDE - ^T BCD F ABCD )e = (14) 
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where e is given by The requirement 5 6 ^a = can be expressed as inde- 
pendent equations which give constraints on F, g,B,Q. 

The constraints determine F as well as impose conditions on Hi,H 2 , B and Vt. 
The 4-form field strength is found to be: 

F = -—HzdalnHxeapsin + Q) Adx* 3 Adx 5 

+ -H 2 n K J P_ L I d a g JI e a psdy K A dy L A dx? A dx 5 (15) 

o 

+ ^Hl{Q + 0)/9 7 In H x dy K A dx 8 A dx 9 A dx 10 
where P + and P are projection operators defined as follows 

(P + )m N = + B M N ) (P-)m N = ~ B M N ) (16) 

Hence P + projects onto tensors of type (1,0) and P_ onto those of type (0,1). 

e a/3 s is a completely anti-symmetric symbol with e 89 (i ) = 1. 

In addition we get a number of relations. One set relates Hi and H 2 : 

d a \n(H 2 H*) = (17) 
d!\n(H 2 Hf) = 0. 

These equations determine, up to a constant which can be absorbed in a coor- 
dinate redefinition, that: 

#f 6 = Hi = H. (18) 

There are also a set of relations involving derivatives along the overall transverse 
directions: 

= B IJ d a Vt u = B IJ D a n u 

= Vmfi(e mI d a e^ - e nI d a e?) = (Q IJ d a Qjj - Q IJ d a Qu) 

= d a g MK - B K I B M J d a g IJ + 2g MK d a lnH 1 (19) 

The last of these three equations implies a relation between H and the determi- 
nant of the metric g: 

= d a \n(H~ 2/3 detg). (20) 
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In addition, there are these further conditions which involve derivatives along the 
Calabi-Yau: 

= ~ (n JK diB JK - 2n JK djg KI ) + Qj J 3j In H x + 30 7 J dj In H x 

= ^B JK D I n JK + n i J dj\nH 1 + 3n i J dj\nH 1 

= Q, JK d I n JK -n JK d I n JK -&B JK djg KI -l§B I J dj\nH 1 (21) 
= VL JK D I VLj K - £l JK DiVLj K - lQBj J dj In H l 

Using (IT§|) one can derive a simple expression for *F, the Hodge dual of F: 

*F = jdx°Adx 1 Adx 2 Adx 3 A [d a (H- 2/ \Q + Q)) Adx a 

+ d 4 {H- 2 ^{Q + Cl)) - H^d^H^itt + tt))] (22) 

where d A is the exterior derivative along the two-fold. We have collected terms 
in a suggestive way in the above expression so that it is clear that imposing 
d * F = implies: 

d 4 (# 1/3 (fi + fi)) =0. (23) 

This equation is independent of ()21|) . Once (J2~3j) is imposed, *F can finally be 
expressed as: 

* F = d[^H- 2/3 dx° A dx 1 A dx 2 A dx 3 A {Q + Q)} (24) 

which agrees with our expectations from considerations based on generalized 
calibrations |4J. 

Once ()23p is taken into account, the constraints in (12 lj) can be re-expressed 
in a manner that better illustrates their meaning, as follows: 

d^tt = -j^di In H A (D, + 30) 
d A {H- 1/6 B) = (25) 

The first of these equations shows that d^Vt 6 A (2,1) © A (1,2) . If the almost 
complex structure had been integrable (i.e. if there was a complex structure 
compatible with the chosen almost complex structure) then d^VL would at most 
have a component in A^ 2,1 ). Since in general (i.e. whenever dy J P +J I djhiH is 
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non-zero) the (1,2) component is non-zero this shows that the almost complex 
structure is not integrable. 

In section 5 we will show that iH^^B is a calibration in the full geometry 
produced by the wrapped M5-branes. This calibration gives a lower bound on 
the mass of M2-branes ending on the M5-branes. The second equation in (I25|) 
occurs naturally in that interpretation. 

4 Transforming Special Lagrangians to Holo- 
morphic cycles 

An important property of Calabi-Yau two-folds is that they are not only Kahler 
but hyper-Kahler. This property means that the manifold is Kahler with respect 
to mutually incompatible complex structures, which are connected to each other 
by SO(3) rotations. This characteristic of Calabi-Yau two-folds has striking 
consequences and will provide us with not only an important test of our methods 
hitherto but will also allow us to discuss properties of previously known solutions 
that have not been discussed in the literature so far, at least to our knowledge. 

As emphasized we are studying branes wrapped on Special Lagrangian cycles 
with respect to a specific complex structure. In general, a different complex 
structure will not be compatible with the Special Lagrangian character of the 
cycle in question. 

In our analysis so far we picked a complex structure - one with respect to 
which our 2-cycle is Special Lagrangian. We then assumed that we inherit an 
almost complex structure from the underlying Calabi-Yau manifold; that is, the 
almost complex structure survives the modifications of the geometry that result 
from the presence of the wrapped brane. 

In this section we will explore what happens to the geometry if we pick a 
different complex structure - one with respect to which the cycle is holomorphic. 
Quite generally the inherited almost complex structure transforms as follows 
under an SU(2) rotation: 

e ' u = ae u + (3e* 

where the primed e' m are (1,0) forms with respect to the new almost complex 
structure, while e' m are (0,1) forms. The complex functions a, (5 satisfy \a\ 2 + 
\(3\ 2 = 1. As one can see these transformations mix (1,0) and (0,1) forms with 
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respect to the original almost complex structure, thus the old and the new almost 
complex structures are not compatible with each other. 

Consider the above transformation with a = l/\/2,P = —i/^/2, 

e' V = ^C^ + O- (27) 

In the remainder of this section we will study the geometry of the previous section 
in this new almost complex structure. We define to this end 

B' = i(e /u Ae' a + e' v Ae' s ) 

n' = e' u Ae' v (28) 

the (1,1) and (2,0) forms, respectively, with respect to this new almost complex 
structure. These quantities can be expressed in terms of B and from the 
previous section: 

B' = ^(fi + H) 
Q' + Cl' = 2iB 

n'-n' = n-n 

Thus the role of the real part of f2 and B is switched under the transformation. 
We chose this particular transformation since B - the would-be Kahler form - 
is the generalized calibration appropriate for holomorphic cycles, while the real 
part of f2 is the generalized calibration for Special Lagrangian cycles. The metric 
defined by the frame fields are identical g' I3 = gu as would have to be the case 
for this transformation to be sensible. 

Using the constraints ()25|) and ()23|) from the previous section we can derive 
a set of equations satisfied by B and f2. First, consider 

d 4 Q' = d 4 [-(2iB + Q-Q) (29) 

= -B AdlnH + — dlnH A(Q-Q) 
6 12 v ; 

= -fl'AdlnH, (30) 
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here, unlike the expression (I25p . the (1,2) piece is absent. In fact, this implies that 
the Nijenhuis tensor is identically zero and hence the almost complex structure is 
integrable. In other words, there are a set of holomorphic coordinates which can 
be defined on the entire manifold satisfying the usual compatibility conditions 
on intersecting coordinate patches. The metric in these coordinates is given by 
9mn = B' M k> wn i' e a " other components vanish identically. Equation (I30|) can 
also be written as: 

d 4 (H- 1/6 n') = 0. (31) 

Which, in light of the fact that there is now a complex structure, means that 
H^^VL' must be a holomorphic (2,0) form. 

Next, consider ()23|) in terms of quantities defined in the new almost complex 
structure: 

di(H l/3 B') = ^d4H l/3 (n + fi)] = 0. (32) 

This equation was originally derived in |2J where it was interpreted as a Kahler 
condition on a re-scaled metric G = H l / 3 g. Finally *F appearing in (I24|) can be 
re-written as: 

* F = d[-i^H- 2/3 dx° A dx 1 A dx 2 A dx 3 A B'} (33) 

which is in the form advocated in [4]. 

We have thus completely recovered the results of [2J and [4J. In addition we 
have proven the correctness of the key assumption of these works: that there 
is a complex structure. In |2J and |4J no use was made of the (2,0) form. Our 
analysis in this paper suggests that the (2,0) form is a well-defined object in the 
theory which satisfies the identity (J3U|) . This (2,0) form will be important in 
defining calibrations for intersecting M2-branes, as discussed in the next section. 

5 Calibrations in wrapped M5 background 

Calibrating forms, or calibrations, give us a method for determining the stabil- 
ity of brane configurations. They provide a lower bound for volume forms and 
allow us to unequivocally establish the status of submanifolds as minimal vol- 
ume. Calibrating forms come in different varieties for different types of manifolds. 
For instance, Calabi-Yau three-folds have calibrations associated with Special La- 
grangian 3-cycles as well as even dimensional holomorphic cycles. The calibrating 
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forms are the unique (3,0) form for the 3-cycles, the Kahler form uj for 2-cycles 
and uj A uj for 4-cycles. 

In the case at hand the underlying Calabi-Yau two-fold can have two dis- 
tinct families of calibrating two-forms, associated with holomorphic and Special 
Lagrangain 2-cycles. Just as before, holomorphic 2-cycles are calibrated by the 
Kahler form uj while Special Lagrangian 2-cycles are calibrated by the (2,0) form 
(up to a constant phase). 

We now want to go beyond the geometry of the Calabi-Yau and consider 
calibrations in the full geometry of M5-branes wrapping 2-cycles 2 . To this end 
we consider introducing M2-branes whose spatial world volumes lie entirely inside 
the 4-dimensional part that was once the Calabi-Yau - i.e. the space spanned 
by the coordinates y 1 . In what follows, we will denote the spatial part of the 
M2-brane worldvolume by A. 

Let a 1 , a 2 be spatial world volume coordinates on the M2-brane, i.e. coordi- 
nates on A, and let the time coordinate coincide with the time coordinate of the 
background geometry produced by the wrapped M5-brane. The induced metric 
on the M2-brane is then: 

ds 2 M2 = H- 1/3 dt 2 + h ab da a da b (34) 

where 

Kb = 9ud a y I {cT)d b y J (a) (35) 

is the spatial part of the induced metric onto the worldvolume of the M2-brane. 
Next we introduce the pullbacks of Vt and B onto the worldvolume as: 

Q\ A = Vtda 1 A da 2 

B\ A = hd^Ada 2 (36) 

It is straightforward to prove the identity: 

det/i= |f2| 2 + \h\ 2 . (37) 
The volume of the M2-brane is then: 

J Vhd^da 2 = J ^\tt\ 2 +\b\ 2 da 1 da 2 (38) 

2 Our methods here are closely related to those of E] who studied the problem of 
M5-brane/M2-brane intersections in flat space with no " backreaction" 
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It is then easy to see that a minimal volume cycle satisfies either: 

= aVL + (3b OR = -/3*Q + a*b (39) 

where 

\a\ 2 +\(3\ 2 = 1. (40) 

We know that the only allowed dynamical intersections of M5 and M2-branes 
are such that the intersection is one-dimensional [7j. In particular we know that 
M2-branes can end on M5-branes in such a way that the end of the M2-brane 
couples to a self-dual 2-form living on the M5-brane. To make progress let us fix 
the almost complex structure. For concreteness let us pick the almost complex 
structure so that the background M5-brane wraps a Special Lagrangian cycle. 
Since B = on Special Lagrangian cycles it must be that (l = 0, i.e. the 
pullback of n on the spatial part of the M2-brane vanishes - since the M5 and 
M2-brane intersection must be one-dimensional. Thus we see that B measures 
the volume of M2-branes in the M5-brane background. 

Notice, however, to calculate the mass of the M2-brane we must introduce 
a further factor of v /#oo = B^ x l % in the integral. The mass of the M2-brane is 
then given by the expression: 

m = -i J H- 1/6 b da l da 2 . (41) 

where we have used |6| = — ib. Since (I25|) tells us that H^^B is closed we 
have shown that —iH~ l l & B is a calibration in this background. 

Suppose instead that we had worked in a different almost complex structure - 
one with respect to which the M5-brane wrapped a holomorphic cycle. Then the 
calibrating form for the M2-brane would have been H~ l / & VL' , giving us a natural 
explanation for (J5TJ) . 

6 Summary and conclusions 

We can summarize our results as follows. Using the methods of [T] we studied 
M5-branes wrapped on Special Lagrangian cycles with respect to a fixed com- 
plex structure. We found the supergravity background corresponding to these 
wrapped M5-branes. As in [lj we assumed that the directions initially correspond- 
ing to the Calabi-Yau two-fold continued to have an almost complex structure 
even after the geometry had been warped by the presence of the wrapped M5- 
brane and its associated flux. We were able to classify the full geometry by 
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expressing the supergravity background fields in terms of a distinguised (1,1) 
form B and a (2,0) form Vt. We showed that the almost complex structure with 
respect to which the cycle was Special Lagrangian was not integrable. 

We then exploited the hyper-Kahler nature of the underlying Calabi-Yau by 
picking a new almost complex structure - one with respect to which the wrapped 
cycle appears holomorphic. As M5-branes wrapping holomorphic two-cycles in 
two-folds have been studied before, we checked that our solution using the meth- 
ods of [lj yield the same results as those of |2J. However, our methods here are 
somewhat more powerful than those previously employed. In particular, we were 
able to show that if one assumes the existence of an almost complex structure, 
the main assumption of |2J that a complex structure exists, is in fact valid. More- 
over, we showed that a closed, well-defined (2,0) form exists and we were able to 
construct it explicitly. We could have predicted the existence of such a form from 
the requirement that a calibrating form must exist corresponding to BPS states 
of M2-branes ending on M5-branes wrapped around holomorphic two-cycles. 

Conversely, from this last insight and our ability to transform holomorphic 
cycles into Special Langrangians, we conclude that a closed calibrating form 
exists even when an M5-brane wraps a Special Lagrangian two-cycle; however, 
in this case the calibrating form is a (1,1) form and is given by H~^ 6 B. 

Our exercise in this paper is instructive in many regards. It gives us confidence 
in the methods of [lj as well as providing insights into the kinds of features of 
a Calabi-Yau which survive when M5-branes wrap 2-cycles as well as new struc- 
tures that arise in the full geometry produced by the M5-branes. 
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